Abstract
Introduction
The electrocardiographic imaging, based on the cardiac inverse problem solution, provides a promising method for non-invasive diagnosis and locating the origins of cardiac arrhythmias (1) . However, due to the ill-posedness of the problem, prior empiric information is required to constrain the problem in order to achieve a reliable solution (1) . Due to the limited number of electrodes (i.e., the spatial resolution of the measured signals) on the body surface and unavoidable noise of the measured signals, it is still a challenge to obtain a reliable and accurate solution of the cardiac inverse problem.
Previous studies on the ventricular inverse-problem have shown that the number of electrodes on the body surface has dramatic effects on the solution (2, 3) . As few studies have been conducted to investigate the atrial inverse-problem (4, 5) , it is unclear if the findings in ventricular inverse-problem are applicable to the atriainverse problem given the dramatic differences in their electrophysiology and anatomical structures.
Therefore, there is a pressing need to develop noninvasive methods to improve the diagnosis of the atrial fibrillation (AF) origins. AF is one of the most common cardiac arrhythmia associated with a high risk of morbidity and mortality (6) . Especially AF has a high incidence (>2% of population with ageing over 65), and such an incidence is expected to be increased due to the ageing society in the next decade (7) . In addition, the morphology of the atrial action potential (AP) varies from almost a triangular to an almost squared shapes from region to region (8) , which differs to the ventricular epicardial APs. As AF is normally associated with either rapid focal pacing (spontaneous rapid firing of nonpacemaker cells) (9) , fibrillatory conduction of multiple wavelets (10), re-entrant excitation scroll waves (i.e., rotors) (9,10) or combined of the three, its electrical activity is characterised by rapid and irregular electrical activation of the atria. All of these impose a challenge to a reliable solution to the atrial inverse-problem.
Implementation of variant orders of the Tikhonov regularization method may also affect the solution of the cardiac inverse-problem. However, it is still unclear how this would affect optimal solutions for cardiac excitation waves with different rates and dynamical behaviors of excitation waves during AF.
The aim of this study was to use a biophysically detailed model of the human atria and torso to investigate the effects of variant spatial resolution on the BSP and three different orders of the Tikhonov regularization method on reconstructed atrial surface potentials during atrial excitation associated with either focal activity or reentrant excitation waves. Effects of the intrinsic electrophysiological heterogeneity of the atria and fibrillationinduced electrical remodelling were considered.
Methods

Atrial-torso model
A previously validated biophysically detailed computational model of the three-dimensional (3D) human atria and torso (11, 12) The atria-torso model has been validated and used to develop an algorithm to diagnose atrial ectopic origin from multi-lead ECG by using the forward problem solutions ( Figure 1E ) in our previous study (11) . Details of the atrial cell models and 3D simulation protocols can be found in Colman et al (8) ; details of the atria-torso model development, validation and simulation protocols can be found in Perez Alday et al. (11) . 
Simulating atrial ectopic foci and re-entry
Atrial ectopic foci and re-entry were initiated in different regions of the atria (Figure 2Ai -ii) (8, 14) . 
Inverse reconstruction of the atrial surface electrical excitation
Based on the computed BSP from the atria-torso model (11), epicardial excitation patterns of the atria were reconstructed. The transfer matrix, which relates the BSP with the potential on the atrial surface, was calculated using Green's Theorem and a boundary element discretization (15) . Zero, first and second order Tikhonov regularization were implemented to find the potentials on the surface of the atria (16) . The triangle method was used to automatically find the best regularization parameter in each L-curve (17) . The inverse solution was validated by comparing the reconstructed atria surface excitation pattern with the "real" (i.e., simulated atrial excitation pattern) with the same spatial resolution.
Atrial epicardial excitation patterns were reconstructed at different timings using 64, 256 and 512 electrodes, which were compared to the actual activation pattern produced by the atria model. A linear interpolation was used in each case.
In order to compare the effects of different Tikhonov regularization methods and lead systems on the inverse problem solution, whole atrial time activation maps were computed. Real and reconstructed epicardial potentials from different points on the epicardial surface were also obtained (the positions were selected at different sites with different electrophysiology (Figure 2B) ). From those epicardial potential, relative errors (RE) as a function of time were calculated to quantify the specific differences. REs are the difference between real and solution data divided by the magnitude of the real value.
Results
Reconstructed atrial surface excitation in ectopic focus
In order to investigate the effects of different AP morphologies on the reconstruction accuracy, REs were obtained using the atrial model with three different electrophysiological conditions. Results are presented in Figure 3 for homogeneous atria with a square AP morphology ( Figure 3B) ; homogeneous atria with a triangular and shortened AP morphology (as is observed in chronic AF remodelling - Figure 3C) ; heterogeneous with both square (Figure 3D-i) and triangular ( Figure 3D ii) morphologies from two sites of the atria, one on the right atrial appendage (Figure 3Ai ) and the other on the left atria (Figure 3Aii ). It was shown that when AP was changed from a squared to a triangular morphology, there was a significant increase in RE (Figure 3B and 3C ). In the case with a heterogeneous atria ( Figure 3D-i and D-ii) , the computed RE was greater than the one with a homogeneously squared AP, but smaller than the one with a homogeneously triangular AP.
The use of 512-lead ECG system presented the lower RE signals, with a close solution obtained from the 256-lead system in each case. However, the 64-lead ECG showed lower RE signals in the case of squared and homogeneous electrophysiology. In addition, the first order Tikhonov regularization showed the larger RE signals in most of the cases (Figure 3 blue line) . For homogeneous APs, second and first order showed similar results. However, a smaller RE signal was seen in the second order case with square APs (Figure 3B ), and in zero order for triangular APs case ( Figure 3C ), demonstrating the most reliable reconstruction in each case.
For all cases, the best activation map was obtained with 512-leads and a reliable solution with 256-lead with second order Tikhonov regularization.
Reconstruction of re-entrant activation
Different re-entry atrial activation patterns were also analyzed.
Heterogeneous electrophysiology with remodelling was used. Figure 4 shows snapshots of the reconstructed epicardial activation map of a re-entrant excitation with its activation centred on the sino-atrial node (SAN). Activation maps at 160, 220, 340 and 500 ms after the initiation of the re-entry were reconstructed by using 512-lead ECG and three Tikhonov regularization methods ( Figure 4B-D) , which were compared to the real activation map ( Figure 4A ). It was shown that the reconstruction with zero order Tikhonov regularisation method ( Figure 4B ) captured better the general feature of the re-entry as compared to the first and second order of the Tikhonov regularisation method (Figure 4C & D) . With the use of the zero-order Tikhonov regularisation method, though the reconstruction was not smooth, the key features of the re-entry, such as the location of the scroll-wave tip and gross shape of atrial activation were captured. However, the use of first and second order Tikhonov approaches did not produce a reliable reconstruction and failed to capture the spatially complex pattern ( Figure 4C and D) due to the smoothing effects of the two methods. 
Conclusion
By using a biophysically detailed computer model of human atria-torso and different Tikhonov regularization methods we have reconstructed the epicardial atrial activation of arrhythmic excitation in association with both ectopic focal and re-entrant activities. Activation maps, isochrones and RE showed how the reliability of the different reconstruction methods depended on the morphology of the epicardial potentials and the rate of the activation.
